This paper introduces quasi-maximum likelihood estimator for discretely observed di¤usions when a closed-form of the transition density is unavailable. I discretize the di¤usions using higher-order strong Wagner-Platen approximations and conditional normal likelihood function is used for estimation. The estimator is shown to be consistent and has asymptotic normal distribution when the order of approximation goes to in…nity. Monte Carlo study shows higher-order approximations greatly improve the precision of parameter estimates. This method is applicable to di¤usions without Doss transform and also yields precise estimates for untransformed di¤usions. Precision of the proposed estimator is also compared with the Hermite polynomial expansion estimator in Aït-Sahalia (2002) .
Introduction
Di¤usion processes have been widely used in many research …elds to model continuous time phenomena and they are usually characterized by stochastic di¤erential equations (SDEs). Examples include modelling gene changes due to natural selection in genetics, vertical motion of the ground level in seismology, out ‡ow from a reservoir in hydrology and asset prices in …nance. When the drift and di¤usion coe¢ cient of a SDE are parametrically speci…ed, it is crucial to obtain precise parameter estimates. A central question often poses di¢ culty for estimation is data are always recorded discretely while SDEs are de…ned in continuous time. This di¢ culty have inspired many researches on obtaining e¢ cient parameter estimates based on discrete observations. In this paper, we consider the estimation of scalar, time-homogeneous di¤usion processes characterized by the following SDE dX t = a (X t ; ) dt + b (X t ; ) dW t ;
where X t is a scalar state variable, W t is a Wiener process, a (X t ; ) and b (X t ; ) are known parametric drift and di¤usion coe¢ cient with p 1 parameter vector : Given a time discretization t 0 < < t i 1 < t i < < T and a sampling interval 4 = t i t i 1 ; we let p X t i jX t i 1 ; denote the transition density of X t i given X t i 1 : The sampling interval may be a very small random or nonrandom positive number but is never equal to zero in practice.
If we know the transition density, maximum likelihood estimator (MLE) will be our …rst choice for e¢ cient estimation. However, it is well-known that closed-form transition densities exist only for a few special SDEs and this makes MLE inapplicable to a general SDE de…ned in (1). If continuous data were available, Florens-Zmirou (1989) shows that estimator based on Euler approximation of (1) with a normal transition density will converge to the 1 true MLE as the time discretization interval goes to zero. In practice, Euler approximation may be inaccurate and discretization interval is usually larger than zero. Hence the Euler estimator inevitably introduces both approximation and discretization error. Much work has been done to improve the approximation of the unknown transition density. Elerian (1998) derives a noncentral chi-squared density based on Milstein scheme, an order 1.0 strong Wagner-Platen scheme 1 . Kelly et al. (2004) also use lower order WagnerPlaten approximation and transform function in estimation. Shoji and Ozaki (1998) obtain a closed-form transition density by using local linearization.
Hermite polynomial expansion is used in Aït-Sahalia (2002) to approximate the transition density. The estimator in Aït-Sahalia (2002) yields high numerical precision and is shown in Hurn et al. (2007) to outperform many existing estimation methods from the perspective of speed/accuracy tradeo¤ .
Simulated MLE (SMLE) and Markov chain Monte Carlo (MCMC) o¤er alternative approaches to parameter estimation (see, e.g., Pederson (1995) , Brandt and Santa-Clara (2002) , Eraker (2001) , Elerian et al. (2001) ). These simulation-based methods can also achieve high numerical precision but the computation cost is high. More recently, Durham and Gallant (2002) propose to use Brownian bridge sampler in estimation and greatly improve the performance of SMLE; Phillips and Yu (2008) propose a two-stage realized volatility approach; Beskos et al. (2008) suggest a Simultaneous Acceptance Method (SAM) by estimating each conditional likelihood independently. However, the SAM is applicable only to a restricted class of di¤usion processes. Other approaches include numerically solving FokkerPlanck equation in Lo (1988) and method-of-moments approaches in Chan et al.(1992) , Gallant and Tauchen (1997) , Gouriéroux et al. (1993) , Hansen and Scheinkman (1995), etc. See Aït-Sahalia (2007) and Hurn et al. (2007) for surveys of various estimation methods.
This paper develops quasi-maximum likelihood estimator (QMLE) for parameters in (1) based on higher order strong Wagner-Platen approximations.
Due to the di¢ culty in obtaining closed-form transition density for higher order strong Wagner-Platen approximations, previous research is limited to lower order approximations such as Euler and Milstein schemes and the estimates are often less precise compared to the results in Aït-Sahalia (2002) and Durham and Gallant (2002) . We show in this paper that higher order approximations can substantially improve the precision of the estimates.
The idea is to …rst use higher order strong approximation in Kloeden and Platen (1999) to obtain a solution to (1). By treating the sum of all stochastic terms in approximations as a normal random variable, we directly apply QMLE in White (1982 White ( , 1994 to obtain parameter estimates. The conditional mean and variance used in estimation are obtained from higher order approximations. The QMLE has the following appealing features. First, its consistency and asymptotic normality is easy to establish. Second, its consistency requires the order of Wagner-Platen approximation to be in…nity but not sampling interval to go to zero. Third, simulation shows single-digit order of approximation will be enough for precise estimation. Fourth, QMLE does not require Doss transformation. Namely, normalizing the di¤usion coe¢ cient, b (X t ; ) ; to one is unnecessary for estimation. Simulation shows QMLE obtained from untransformed SDE is also very precise. This makes QMLE applicable to SDEs even when analytic forms of Doss transform is unavailable. Comparison of QMLE with hermite polynomial expansion method in Aït-Sahalia (2002) is discussed in Section 3.
3
The rest of the paper is organized as follows. Section 2 introduces strong Wagner-Platen approximations and QMLE. Section 3 presents some simulation results based on the most commonly used models in …nance. Section 4 concludes.
The approximation and the estimator
Throughout this paper, we consider a general SDE de…ned in (1) ; where we also implicitly assume is restricted in a way such that discrete observations from (1) are stationary and ergodic 2 . Time discrete approximation is often used to approximate the transition density when its closed-form is unavailable. Euler scheme is the simplest strong Wagner-Platen approximation and it takes the following form
where " t i i:i:d: N (0; 1) for all t 0 < t i T: Euler scheme can be interpreted as order 0.5 strong Wagner-Platen approximation according to Kloeden and Platen (1999) and X t i in (2) is a numerical solution to the di¤usion process in
(1). It is found in many simulation studies that (2) gives good approximation to the underlying continuous process when both drift and di¤usion coe¢ cient are constant or nearly constant. For varying drift and di¤usion coe¢ cient, Euler scheme may not give satisfactory results. In the context of estimation,
(2) can be used to derive the transition density of X t i conditioning on X t i 1 and (2) implies a normal density function with mean X t i 1 + a X t i 1 ;
and standard deviation (s.d.) b X t i 1 ; p :
2 Practically speaking, estimation and inference in this paper will not change for nonstationary and nonergodic processes. However, a di¤erent set of proof is needed for asymptotic properties of the estimator. See a discussion below Theorem 1 in Section 2.2. 4 Elerian (1998) uses an order 1.0 strong Wagner-Platen approximation, also called Milstein scheme, to obtain the approximate transition density.
The Milstein scheme is
and the transition density associated with (3) is a noncentral chi-squared distribution. Monte Carlo simulation in Elerian (1998) shows reduced estimation bias based on Milstein scheme. However, closed-form transition density with higher order approximations is hard to obtain. An alternative way to explore time discrete approximation is proposed in Shoji and Ozaki (1998) . After Doss transform, (1) becomes
where
Their local linearization method assumes @a Y =@Y and @ 2 a Y =@Y 2 are both constant on [t i 1 ; t i ] when discretization interval is small. Upon this assump-
Conditioning on Y t i 1 ; the …rst three terms on the r.h.s. of (6) and the coe¢ cients for t i and Y Shoji and Ozaki (1998) , where the …rst and second derivatives of a Y are 3Y 2 t and 6Y t ; respectively. These two quantities can be far from constant given the size of available in practice.
It motivates us to relax this key assumption and possibly accommodate more variation in Y t on the discretization interval.
Wagner-Platen expansion and strong approximation
When @a Y =@Y and @ 2 a Y =@Y 2 in (4) are varying, they can be further expanded when approximating Y t in (4) on the interval at time t i 1 : For exam-
and in discrete time we have
If @ 3 a Y =@Y 3 in (7) is not assumed to be constant when Y evolves from 
By Itô formula, we can expand a (X u ; ) and b (X u ; ) in (8) at the point
and we let a = a X t i 1 ; and b = b X t i 1 ; to conserve space. This expansion can be continued as long as both a and b are su¢ ciently smooth in x. For example, we can further expand L 0 a (X z ; ) at X t i 1 in R to obtain higher order results. The general result is summarized in Theorem 5.5.1 of Kloeden and Platen (1999) .
To present a general result for approximation, a set of conditions to guarantee the existence and uniqueness of a strong solution to (1) is needed and 7 is listed in Appendix A. The conditions are standard in SDE literature and they also guarantee the existence of a transition density. Hereafter, we assume all conditions in Appendix A are satis…ed. Next, let us introduce some notation used in Wagner-Platen expansion and detailed discussion can be found in Chapter 5 of Kloeden and Platen (1999) . Let be a multi-index of length l such that
where j i 2 f0; 1g 8i = 1; 2; ; l;
; lg :
Let M be the set of all multi-indices such that M = f(j 1 ; j 2 ; ; j l ) : j i 2 f0; 1g ; i 2 f1; 2; ; lg;
where v is the multi-index of length zero. For an 2 M with l ( ) 1;
we let and be the multi-index in M obtained by deleting the …rst and last element of ; respectively. We de…ne a sequence of sets for adapted right continuous stochastic processes f (t) with left hand limits: let H v be the totality of all processes such that jf (t)j < 1; H (0) be the totality of all processes such that R t t 0 jf (u)j du < 1; H (1) be the totality of all processes such
jf (u)j 2 du < 1; and H be the totality of adapted right continuous processes with left had limits such that
For example, if = (0; 1; 1; 0); we have
When f (t i ) = 1; we write I [f ( )] s;t as I . As an example, let = (0; 0; 0) and we have
The researcher chooses the length l ( ) in Theorem 5.5.1 of Kloeden and Platen (1999) to decide how many terms to include in the Wagner-Platen expansion. Examples for l ( ) = 1 and l ( ) = 2 are
where R 1 and R 2 correspond to remainders in Wagner-Platen expansion. For each ; de…ne recursively the Itô coe¢ cient function
where L j 1 is de…ned in (9) and (10) : If we let f (x) x, it is easy to verify coe¢ cients in (12) and (13) : For example, f (0) = a and f (0;1) = ab 0 + 0:5b 2 b 00 :
Strong Wagner-Platen approximation can be obtained based on expansions such as (12) or (13) : De…ne
3 We let a 0 ; a 00 ; and a 000 be the …rst, second and third derivative of a(X; ) w.r.t. X, respectively. Let a (r) be the rth derivative of a(X; ) w.r.t. X when r 4: The same notation applies to derivatives of b(X; ) w.r.t. X:
and as an example, we have
Replacing all stochastic integrals in (13) with expressions similar to (15) ; evaluating all the coe¢ cients at X s and omitting the remainder R 2 , we obtain a strong Wagner-Platen approximation when l ( ) = 2. For stochastic integrals with higher multiplicity, it is not always possible to derive a closed form in terms of 4W and 4; but they can be approximated (see Section 5.8 in Kloeden and Platen (1999) for discussion). However, we notice closed forms such as (15) are not needed for estimation or inference.
A general form of strong Wagner-Platen approximation is given by
; n ( ) is the number of zeros in ; f is the coe¢ cient function de…ned in (14) with f = x and = 0:5; 1; 1:5; is the order of approximation. Approximation in (16) is a special case of equation (10.6.4) in Kloeden and Platen (1999) , where we let the approximation start at time t i 1 on the interval
The discretization interval is chosen such that 0 < 4 < < 1. This is just for technical convenience so that the approximation for X t i on [t i 1 ; t i 1 + ) starts at X t i 1 : It is shown in Theorem 10.6.3 of Kloeden and Platen (1999) that the approximation in (16) converges to X t i as 4 ! 0. We modify their result in the following lemma to show the strong approximation converges to X t i with probability 1 (w.p.1) as the approximation order increases to in…nity while keeping 4 …xed.
Let H denote the sets for multi-indicies 2 M such that f (x) is square integrable in time t for l ( ) > 1; B (A ) = f 2 MnA : 2 A g ; and C
Lemma 1: Let Y (t i ) be the order strong W agner-P laten approximation de…ned in (16) with 0 < 4 < < 1: Under Assumptions in Appendix A and if the coe¢ cient functions in (14) satisfy
for all 2 A and x; y 2 <; f 2 C 2 and f 2 H for all 2 A [ B (A ) ; and
for all 2 A [ B (A ) and x 2 <; and the initial condition on
we have
and as ! 1;
K 1 ; K 2 ; K 3 ; and K 4 are positive constants independent of and 4:
Result (18) follows Corollary 10.6.4 in Kloeden and Platen (1999) . Since (18) implies convergence in probability as ! 1; (19) can be established if convergence to probability is su¢ ciently fast. The proof is omitted here and can be found in Lemma 1 of Huang (2008) . Strong consistency is needed for a pathwise approximation of a di¤usion process. Lemma 1 only requires the interval used in time discrete approximation to be less than one. This is obviously an advantage over the assumption in Pedersen (1995) which requires the interval to go to zero for consistency of parameter estimates.
Although we require ! 1 in Lemma 1, simulation shows single-digit usually gives very precise parameter estimates.
Quasi-maximum likelihood estimator
Based on the Wagner-Platen approximation in (16) for a …xed ; we can easily obtain our QMLE. De…ne conditional moments based on (16) as t i ; X t i 1 ;
for a given , and true unknown conditional moments as t i X t i 1 ; E X t i jX t i 1 and
In other words, conditioning on X t i 1 ; the …rst two moments of X t i are correctly speci…ed w.p.1 and this further suggests quasi-maximum likelihood estimation in White (1982) will give consistent estimates for : Consider the Wagner-Platen expansion in (13) : Conditioning on X t i 1 ; the terms X t i 1 ; pectation on both sides of (13) and ignoring R 2 , we obtain the conditional mean and variance of 
where V ar ( ) and Cov ( ) are variance and covariance functions and can be calculated using Lemma 5.7.2 of Kloeden and Platen (1999) if parametric forms of a (X t ; ) and b (X t ; ) are given. Note that integrands in all stochastic integrals in (23) become one after successive applications of (11) and (14), and the inequality in the result of Lemma 5.7.2 of Kloeden and Platen (1999) simpli…es to equality. This enables us to calculate the second moments of those stochastic integrals without worrying about any closed forms such as
The QMLE is the parameter vector that solves
with transition densitỹ
When the approximation order is ; we let
where p X t i jX t i 1 ; = 2 2 t i ;
When l ( ) = 2, the expressions for t i ; X t i 1 ; and
X t i 1 ; are given in equations (22) and ( ; and the estimator obtained from (25) be^ n :
We will show^ n converges to^ QMLE n and^ QMLE n converges to :
Consistency and asymptotic theory of the QMLE is discussed in detail in White (1994) . We adapt the proof in Bollerslev and Wooldridge (1992) to prove the weak consistency and asymptotic normality of QMLE. Let e t i = X t i t i X t i 1 ; ; and the score and the Hessian for lnp X t i jX t i 1 ; are
where the superscript T stands for matrix transpose. It is easy to verify that the score function has zero mean conditional on under (20) and (21); we have
Theorem 1: As ! 1; we have^ n !^ QMLE n w.p.1. Under assumptions in Appendix B and as both ! 1 and n ! 1; we further have
The proof is similar to the proof of Theorem 2.1 in Bollerslev and Wooldridge (1992) and is sketched in Appendix B. The asymptotic results in both Lemma 1 and Theorem 1 assume order of Wagner-Platen approximation goes to in…nity but do not require the discretization interval to go to zero. In the proof of Theorem 1, we let ! 1 to prove the convergence of (25) to (24) and n to^ QMLE n ; when both ! 1 and 4 ! 0;^ n may converge to^ QMLE n at a faster rate. Unlike the approach in Aït-Sahalia (2002), the method in this paper chooses to approximate a strong solution to (1) ; but not the transition density. This means direct proof of convergence of^ n to MLE is not possible.
However, the convergence of^ n to MLE is implied by the consistency of^ n since both^ n and MLE converge to in probability. Extension of the Theorem 1 to nonstationary and nonergodic di¤usions is possible (see Theorem 10.1 in Wooldridge (1994) for an example).
A GMM estimator is also possible based on correctly speci…ed conditional moments. However, forms of estimation between GMM and QMLE are di¤erent and we do not pursue this direction in current paper.
An alternative way to prove the consistency of the estimator is to use the central limit theorem (CLT) for dependent processes to show the summation of all the stochastic integrals in Wagner-Platen approximation converges to a normal random variable. For example, the approximation in (13) involves several dependent terms such as I (1); I (0;1) and I (1;0) : As the approximation or-der increases, we expect to see more such terms to appear on the r.h.s of (13) and the summation of all these stochastic integrals can be treated as a sum of dependent random variables. Lemma 5.7.2 in Kloeden and Platen (1999) can be used to show the correlation between stochastic integrals decreases to zero as ! 1: However, verifying the dependence structure among stochastic integrals is hard and we leave it for future research. Yet another way to obtain consistent estimator based on Wagner-Platen approximation is to use characteristic function. Consider the stochastic terms I (1); I (0;1) , I (1;0)
and I (1;1) in (13). The mean, variance and correlation of these terms can be easily calculated and by assuming normality of these terms, we can obtain the characteristic function for the summation of these stochastic integrals.
The approximate density function can be obtained by numerically inverting the characteristic function and maximizing the joint density function yields the estimate. However, we note that the stochastic integrals on the r.h.s. of (13) are not only correlated but also dependent. Hence the characteristic function for a sum of dependent random variables is needed. Furthermore, it is unclear how accurate the numerical inversion of a characteristic function can be in this case. Given all these di¢ culties, we …nd it is easy to implement QMLE and its asymptotic result is also simple to establish.
In practice, discretization intervals may not be equal and may be even random. One example is the endogenous sampling process for short-term interest rate in Yu and Phillips (2001) , where the process is sampled more frequently when the level of interest rate is high. This poses no di¢ culty in implementing our QMLE method. First, unequally spaced observations do not invalidate the conditions in (20) and (21) : In fact, the results in (20) and (21) hold as long as sampling intervals are less than one. The key assumption here is the order of approximation goes to in…nity. Second, consistency and asymptotic normality of the QMLE is una¤ected as long as (20) and (21) hold. Hence the assumption of constant discretization interval can be easily relaxed.
Our estimation procedure is also applicable to di¤usion processes when an analytic solution to (5) is not available. Consider the preferred short-term interest rate model in Aït-Sahalia (1996) :
which nests a wide range of models for short-term interest. The Doss transform in (5) has no analytic form. Although the value of the function,
); can be obtained by numerical integration, this extra step poses di¢ culty in estimation because numerical integration has to be recomputed for each value of in parameter space at each X t : The computation is even more di¢ cult when the di¤usion coe¢ cient is nonlinear in parameters. Our QMLE requires no Doss transform and only needs the drift and di¤usion coe¢ cient to be smooth. This property seems to be more attractive in a multivariate setting. When the di¤usion function, b (X t ; ), is a matrix, Doss transform is not applicable to all multivariate di¤usion processes. However, QMLE is applicable to di¤usions without Doss transform. In simulation, we also investigate precision of QMLE when the model is untransformed. It turns out that our QMLE yields equally precise results without Doss transform.
Simulation results
In this section we conduct simulation experiment to study the numerical precision of QMLE based on higher order Wagner-Platen approximations.
QMLE with l ( ) = 3 and l ( ) = 4 in (16) is used in simulation. Approxi-mation with l ( ) = 3 is given in Section 5.5 of Kloeden and Platen (1999) and in Appendix C we also provide the approximation with l ( ) = 4. In order to gauge the precision of our QMLE, the following well-known models with closed-form transition density are used in simulation. The …rst is
Vasicek model proposed in Vasicek (1977) :
with transition density
where t i = 1 + x t i 1 1 exp ( 2 ) and
The second is the CIR model in Cox, Ingersoll, and Ross (1985) :
where c = 2 2 = 2 3 (1 exp ( 2 )) ; u = cx t i 1 exp ( 2 ) ; v = cx t i ; q = 2 2 1 = 2 3 1; and I q (2 p uv) is the modi…ed Bessel function of the …rst kind with order q: The third is Black-Scholes model in Black and Scholes (1973) :
Based on these closed-form densities, exact maximum likelihood estimator (MLE) can be obtained and used as a benchmark to measure the accuracy of QMLE.
In Tables 1 and 2 we simulate 1000 observations for every sample path and repeat estimation 5000 times, where^ (MLE) ;^ (EUL) ;^ Tables   1 and 2 are averages over 5000 replications. An alternative way to present the results is to report the average distance of between QMLE and MLE, as it is done in Table III in Aït-Sahalia (2002) . This average distance between QMLE and MLE can be easily inferred from the results in Tables 1 and 2. For example, consider the estimated bias for 1 in the Vasicek model in Table   1 . We …nd^ The true values of the parameters used in Table 1 are the same as those used in Table III Black-Scholes models reported in Table 1 Table 2 we investigate speci…cally the precision of QMLE in the nonlinear CIR model. In addition, we also report the results obtained without Doss transformation and they arê (2.5,U) and^ (3.5,U) in Table 2 . The simulation results in Hurn et al. (2007) recommend hermite polynomial expansion method for estimation in practice and we also compare QMLE with the method in Aït-Sahalia (2002). The estimator^ (Hermite) is based on an expansion with seven hermite polynomial terms with Taylor series of order three in 4 derived on page 238 of Aït-Sahalia (2002) . The data generating process (DGP) (a) is the same as that for CIR model in Table 1 and DGP (b) is selected from that used in Table 2 of Durham and Gallant (2002) and DGP (c) is selected from Jensen and Poulsen (2002) . In DGP (a), we …nd the bias of^ (l=3,U) and^ (l=4,U) is comparable to the bias of^ (l=3) and^ (l=4) and the this is true in all three DGPs considered in Table 2 . In DGP (b), we let = (0:06; 0:5; 0:03) and = 1=12: We note QMLE from both transformed and untransformed models give signi…cant improvement over the Euler estimator for 2 and 3 : In DGP (c), we let = (0:08; 0:24; 0:08838) and = 1=12. We …nd QMLE substantially improves the estimation precision for 3 : In general, we …nd that our QMLE gives good estimation results and outperforms the Euler estimator.
Compared with hermite polynomial method in Aït-Sahalia (2002), results
in Table 2 shows QMLE yields similar numerical precision to^ (Hermite) for estimates of 1 and 2 in DGPs (a) and (c), and it slightly outperformŝ (Hermite) for estimate of 3 . In DGP (b), QMLE gives better estimation results than^ (Hermite) : In Appendix C, the approximation when l ( ) = 4 to obtain QMLE is complicated. However, results in Tables 1 and 2 also show QMLE with l ( ) = 3 is enough for precise estimation for a very general class of di¤usion processes.
Conclusion
This paper introduces QMLE for discretely observed di¤usions. The estimator is based upon an approximated solution to (1). Instead of approximating the unknown transition density, our method chooses to approximate the strong solution of a SDE and the sum of all stochastic terms in approximation is treated as a normal random variable when constructing the likelihood function. This method applies to SDEs with arbitrary speci…cation in drift and di¤usion coe¢ cient as long as they are su¢ ciently smooth. Simulation shows single-digit order of approximations gives precise estimation for the 21 models under consideration. The QMLE generally outperforms the Euler estimator and yields estimates that are very close to the true MLE.
It is possible to extend the current method in several directions. First, QMLE for multivariate and time-inhomogeneous di¤usion processes are natural extensions. Similar to the scalar case in this paper, QMLE is expected to be applicable to multivariate di¤usions with arbitrary speci…cations in the drift and di¤usion coe¢ cient, even if Doss transform is inapplicable. This is studied in Huang (2008) . Second, it is possible to include jump components in our model by building upon the work in Bruti-Liberati and Platen (2007).
Third, it is also interesting to investigate the e¢ ciency gain by using higher order approximations in SMLE.
Appendix A
The following assumptions are adapted from Section 4.5 in Kloeden and Platen (1999) to ensure the existence and uniqueness of a strong solution to
(1). These assumptions also ensure the existence of the transition density.
Assumption (A2) is stronger than the Lipschitz condition in Kloeden and Platen (1999) , but it ensures the existence of all derivatives used in in…nite order strong Wagner-Platen approximation. Let < be the real line.
(A1) a(x; ) and b (x; ) are both measurable in x 2 <;
(A2) a(x; ) and b (x; ) are in…nitely di¤erentiable in x;
(A3) For some positive constant K; we have ja (x; )j 2 K(1 + jxj) and
Let fF t ; t 0g be a family of -algebras generated by W t for all t 2 [t 0 ; T ]:
Appendix B
The following regularity conditions are adapted from Bollerslev and Wooldridge (1992) . Assumption (A2) implies t i X t i 1 ; and
(X t i 1 ; ) are both continuous in x and it further implies they are measurable. Hence Assumption (B2) is identical to Condition (A.1)(ii) in Bollerslev and Wooldridge (1992) .
For all t i such that t 0 < t i T; we assume (B1) is compact subset of R m and has nonempty interior. 2 :
(B2) All integer powers of a(x; ), b(x; ) and derivatives of a(x; ) and b (x; ) in x are twice di¤erentiable w.r.t. for all x 2 <.
(B3)l n ( ) has a unique maximizer for all n: In addition, letl t i ( ) = lnp X t i jX t i 1 ; ;
) l t i ( ) satis…es the uniform weak law of large numbers (UWLLN) with being the identi…ably unique maximizer of
(B4) (a) fh t i ( )g and fa t i ( )g satisfy the WLLN.
Proof of Theorem 1: Result (19) in Lemma 1 and the continuity of (25)
w.p.1. whenl n ( ) has a unique maximizer under Assumption (B3). The weak consistency and asymptotic normality of^ QMLE n follows the proof of Theorem 2.1 in Bollerslev and Wooldridge (1992) under Assumptions (B1) to (B6). Finally, weak consistency and asymptotic normality^ n in Theorem 1 follows the fact^ n !^ QMLE n w.p.1. The convergence result forÂ n andB n in Theorem 1 follows the continuity of A n and B n in , the weak convergence of^ n to : and Assumptions B4 (a), B5(a) and B6.
Appendix C
The following are Wagner-Platen expansions for X t i at X t i 1 when l ( ) = 3
and l ( ) = 4; where the expansion for l ( ) = 3 is given in Section 5.5
in Kloeden and Platen (1999) . R 3 and R 4 are remainders in expansions.
By ignoring the remainders, letting t i t i 1 = in all stochastic integrals appearing in the Wagner-Platen expansions and evaluating their coe¢ cients at X t i 1 , we obtain the corresponding strong Wagner-Platen approximations.
Strong Wagner-Platen approximation when l ( ) = 3 is given by 
Strong Wagner-Platen approximation when l ( ) = 4 is given by 
